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REDUCED CLASSICAL FIELD THEORIES.
k-COSYMPLECTIC FORMALISM ON LIE ALGEBROIDS
D. MARTI´N DE DIEGO AND S. VILARIN˜O
Abstract. In this paper we introduce a geometric description of Lagrangian and Hamiltonian classical
field theories on Lie algebroids in the framework of k-cosymplectic geometry. We discuss the relation
between Lagrangian and Hamiltonian descriptions through a convenient notion of Legendre transforma-
tion. The theory is a natural generalization of the standard one; in addition, other interesting examples
are studied, mainly on reduction of classical field theories.
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1. Introduction
The k-cosymplectic formalism is one of the simplest geometric framework for describing many inter-
esting cases of first-order classical field theories. It is a generalization to field theories of the standard
cosymplectic formalism for non-autonomous mechanics and it is adequate for describing field theories
with Lagrangians or Hamiltonians function explicitly depending on coordinates in the basis or the set of
parameters. The foundation of the k-cosymplectic formalism is the k-cosymplectic manifolds [30, 31].
Historically, it is based on the so-called polysymplectic formalism developed by Gu¨nther [19], who
introduced the polysymplectic manifolds. A refinement of this concept allows us to define k-symplectic
manifolds [2, 3], which are polysymplectic manifolds admitting Darboux-type coordinates [27, 28]. (Other
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different polysymplectic formalisms for describing field theories have been also proposed [15, 16, 21, 41,
46, 50]).
Sometimes, the Lagrangian and Hamiltonian functions are not defined on a k-cosymplectic manifold,
for instance, in the reduction theory, where the reduced “phase spaces” are not, in general, k-cosymplectic
manifolds, even when the original phase space is a k-cosymplectic manifold. For instance, in this paper,
we will see that when we consider reduction by symmetry of Lagrangian field theories, we obtain a reduced
Lagrangian which can not described using the standard k-cosymplectic theory. In Mechanics this problem
is solved using Lie algebroids instead of tangent and cotangent bundles (see [25, 55]).
The goal of this paper is to develop an extension of k-cosymplectic field theories to Lie algebroids, such
that, in the particular case k = 1 we obtain the traditional mechanics on Lie algebroids and when the Lie
algebroid is the tangent bundle we derive the classical k-cosymplectic formalism. Classical field theories
on Lie algebroids have already been studied in the literature. For instance, the multisymplectic formalism
on Lie algebroids was presented in [39, 40], the k-symplectic formalism on Lie algebroids was studied in
[24]. In [53] a geometric framework for discrete field theories on Lie groupoids has been discussed.
The organization of the paper is as follows. In section 2 we summarize some aspects of the reduction
on principal bundles developed by M. Castrillo´n et al. in [6] and [7], the covariant Lagrangian reduction.
This approach gives us examples of field theories on reduced “phase spaces” which are not, in general,
k-cosymplectic manifolds. Here we observe that is necessary to develop a theory more general than the k-
cosymplectic formalism for field theory. In section 3 we recall some basic elements from the k-cosymplectic
approach to first order classical field theories. In section 4 we remember some basic facts about Lie
algebroids an the differential geometric aspects associated to them. In this section we also describe a
particular example of Lie algebroid, called the prolongation of a Lie algebroid over a fibration. This Lie
algebroid will be necessary for the further developments. In section 5 the k-cosymplectic formalism is
extended to the setting of Lie algebroids. The subsection 5.1 describe the Lagrangian approach and the
subsection 5.2 describe the Hamiltonian approach. These formalisms are developed in an analogous way
to the standard k-cosymplectic Lagrangian and Hamiltonian formalisms. We finish this section defining
the Legendre transformation on the context of Lie algebroids and we establish the equivalence between
both formalism, Lagrangian and Hamiltonian, when the Lagrangian function is hyperregular. In section
6 we show some examples where the theory can be applied.
All manifolds and maps are C∞. Sum over crossed repeated indices is understood. Along this paper
one k-tuple of elements will be denoted by a bold symbol.
2. Motivating example: Principal bundle reduction, covariant Euler-Poincare´
equations.
Reduction by symmetry of Lagrangian field theories is useful for the implementation of many diverse
mathematical models from geometric mechanics. One of the main approaches has been develop by M.
Castrillo´n-Lo´pez et al. in [6] and [7] and it is referred as covariant Lagrangian reduction.
The papers on covariant Lagrangian reduction, [7], dealt with the extension of classical Euler-Poincare´
reduction of variational principles to the field theoretic context, the idea of this paper is the following: a
field theory was formulated on a principal bundle and was reduced by the structure group. This process
can be summarized as follows. We begin with a right principal bundle π : P → M with structure group
G. The group G naturally acts on J1P by (j1xs) · g 7→ j
1
x(Rg ◦ s), for any j
1
xs ∈ J
1P and g ∈ G. One
considers a Lagrangian L : J1P → R, invariant under the natural action induced by the structure group
G. The reduced variational problem now takes place on C(P ) = (J1P )/G, the bundle of connections, for
more details see [7].
Now we consider the following particular case: P = Rk ×G and M = Rk, that is, the trivial bundle
R
k ×G → Rk, in this case, J1P can be identified with Rk × T 1kG, where, T
1
kG is the tangent bundle of
k1-velocities of G, that is, the Whitney sum of k copies of TG (see section 3).
Let L : J1P ≡ Rk × T 1kG→ R be a Lagrangian invariant under the natural action of G on R
k × T 1kG.
In this case, we make the identifications
J1(Rk ×G)/G ∼= (Rk × T 1kG)/G
∼= (Rk ×G× g× k. . . ×g)/G ∼= Rk × g× k. . . ×g
and then the reduced Lagrangian is a function l : (J1P )/G ≡ (Rk × T 1kG)/G ≡ R
k × (g⊕ k. . . ⊕g)→ R.
Let us observe that in this simple example of covariant Lagrangian reduction, the reduced Lagrangian
is not defined on a k-cosymplectic manifold.
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In this paper we will study classical field theories on Lie algebroids using the k-cosymplectic approach.
In this setting the above example can be solved. Furthermore, we will develop a framework that:
(1) Reduces the classical k-cosymplectic field theories, [30, 31] to particular cases.
(2) Reduces mechanics on Lie algebroids, see for instance [9, 37], to particular cases.
3. Geometric preliminaries
In this section we recall some basic elements from the k-cosymplectic approach to classical field theories
[30, 31].
3.1. The manifold Rk× (T 1k )
∗Q. Let Q be an n-dimensional differentiable manifold and πQ : T
∗Q→ Q
its cotangent bundle. We denote by (T 1k )
∗Q the Whitney sum T ∗Q⊕ k. . . ⊕T ∗Q of k copies of T ∗Q
(T 1k )
∗Q can be identified with the manifold J1(Q,Rk)0 of k
1-covelocities of Q, that is, 1-jets of maps
σ : Q→ Rk with target at 0 ∈ Rk,say
J1(Q,Rk)0 ≡ T
∗Q⊕ k. . . ⊕T ∗Q
j1q,0σ ≡ (dσ
1(q), . . . , dσk(q)) ,
where σA = prA ◦σ : Q −→ R is the Ath component of σ and prA : R
k → R are the canonical projections,
1 ≤ A ≤ k. For this reason, (T 1k )
∗Q is also called the bundle of k1-covelocities of the manifold Q.
The manifold J1πˆQ of 1-jets of sections of the trivial bundle π̂Q : R
k × Q → Q is diffeomorphic to
R
k × (T 1k )
∗Q, via the diffeomorphism given by
J1π̂Q −→ R
k × (T 1k )
∗Q
j1qφ = j
1
q (φRk , IdQ) 7−→ (φRk(q), α
1
q , . . . , α
k
q ) ,
where φRk : Q
φ
→ Rk ×Q
π̂
Rk→ Rk, 1 ≤ A ≤ k, (φRk )
A : Q
φ
Rk→ Rk
prA
→ R and αAq = d(φRk)
A(q).
Throughout all the paper we use the following notation for the canonical projections
R
k × (T 1k )
∗Q
(π̂Q)1, 0
//
(π̂Q)1
((P
P
P
P
P
P
P
P
P
P
P
P
P
P
Rk ×Q
π̂Q

Q
where
π̂Q(t, q) = q, (π̂Q)1,0(t, α
1
q , . . . , α
k
q ) = (t, q), (π̂Q)1(t, α
1
q , . . . , α
k
q ) = q ,
with t ∈ Rk, q ∈ Q and (α1q, . . . , α
k
q ) ∈ (T
1
k )
∗Q.
If (qi) are local coordinates on U ⊆ Q, then the induced local coordinates (qi, pi), 1 ≤ i ≤ n, on
(πQ)
−1(U) = T ∗U ⊂ T ∗Q, are expressed by
qi(αq) = q
i(q), pi(αq) = αq
(
∂
∂qi
∣∣∣
q
)
,
and the induced local coordinates (tA, qi, pAi ), 1 ≤ i ≤ n, 1 ≤ A ≤ k, on [(π̂Q)1]
−1(U) = Rk × (T 1k )
∗U
are given by
tA(t, α1q , . . . , α
k
q ) = t
A , qi(t, α1q , . . . , α
k
q ) = q
i(q) , piA(t, α
1
q , . . . , α
k
q ) = α
A
q
(
∂
∂qi
∣∣∣
q
)
.
On Rk × (T 1k )
∗Q, we consider the differential forms
ηA ≡ dtA = (πA1 )
∗dtA , θA = (πA2 )
∗θ , ωA = (πA2 )
∗ω ,
πA1 : R
k × (T 1k )
∗Q→ R , πA2 : R
k × (T 1k )
∗Q→ T ∗Q being the canonical projections defined by
πA1 (t, α
1
q , . . . , α
k
q ) = t
A , πA2 (t, α
1
q , . . . , α
k
q ) = α
A
q ,
where ω = −dθ = dqi∧dpi is the canonical symplectic form on T
∗Q and θ = pi dq
i is the Liouville 1-form
on T ∗Q. Obviously ωA = −dθA, 1 ≤ A ≤ k.
In local coordinates we have
(3.1) θA = pAi dq
i , ωA = dqi ∧ dpAi .
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Moreover, let
V ∗ = ker ( ((πˆQ)1,0)∗) =
〈
∂
∂p1i
, . . . ,
∂
∂pki
〉
i=1,...,n
,
be the vertical distribution of the bundle (πˆQ)1,0 : R
k × (T 1k )
∗Q→ Rk ×Q.
A simple inspection of the expressions in local coordinates (3.1) shows that the forms ηA and ωA are
closed, and the following relations hold
(1) η1 ∧ · · · ∧ ηk 6= 0, (ηA)|V ∗ = 0, (ω
A)|V ∗×V ∗ = 0,
(2) (∩kA=1 ker η
A) ∩ (∩kA=1 kerω
A) = {0}, dim(∩kA=1 kerω
A) = k,
From the above geometrical model, the following definition is introduced in [30]:
Definition 3.1. Let M be a differentiable manifold of dimension k(n+1)+n. A k–cosymplectic structure
on M is a family (ηA, ωA, V ; 1 ≤ A ≤ k), where each ηA is a closed 1-form, each ωA is a closed 2-form
and V is an integrable nk-dimensional distribution on M , satisfying (i) and (ii).
M is said to be an k–cosymplectic manifold.
The following theorem has been proved in [30].
Theorem 3.2. (Darboux Theorem): If M is an k–cosymplectic manifold, then around each point of M
there exist local coordinates (tA, qi, pAi ) such that
ηA = dtA, ωA = dqi ∧ dpAi , V =
〈
∂
∂p1i
, . . . ,
∂
∂pki
〉
i=1,...,n
.
In consequence, the canonical model for these geometrical structures is (Rk × (T 1k )
∗Q, ηA, ωA, V ∗).
See, for instance [30, 31, 44]
3.2. The manifold Rk×T 1kQ. Let Q be an n-dimensional manifold and τQ : TQ→ Q its tangent bundle.
We denote by T 1kQ the Whitney sum TQ⊕
k. . . ⊕TQ of k copies of TQ, with projection τkQ : T
1
kQ →
Q, τkQ(v1q, . . . , vkq) = q, where vAq ∈ TqQ, A = 1, . . . , k. T
1
kQ can be identified with the manifold
J1
0
(Rk, Q) of k1-velocities of Q, that is 1-jets of maps σ : Rk → Q with the source at 0 ∈ Rk, say
J1
0
(Rk, Q) ≡ TQ⊕ k. . . ⊕TQ
j1
0,qσ ≡ (v1q, . . . , vkq)
where q = σ(0) and vAq = T0σ
(
∂
∂tA
∣∣∣
t=0
)
, (t1, . . . , tk) being the standard coordinates on Rk. T 1kQ is
called the tangent bundle of k1-velocities of Q (see [42]).
The manifold J1πˆRk of 1-jets of sections of the trivial bundle πˆRk : R
k ×Q → Rk is diffeomorphic to
R
k × T 1kQ, via the diffeomorphism given by
J1πˆRk → R
k × T 1kQ
j1t φ = j
1
t (IdRk , φQ) → (t, v1, . . . , vk)
where φQ : R
k φ→ Rk ×Q
πˆQ
→ Q, and
vA = TtφQ
(
∂
∂tA
∣∣∣
t
)
, 1 ≤ A ≤ k .
Let pQ : R
k × T 1kQ→ Q be the canonical projection. If (q
i) are local coordinates on U ⊆ Q, then the
induced local coordinates (tA, qi, viA) on p
−1
Q (U) = R
k × T 1kU are expressed by
tA(t, v1q, . . . , vkq) = t
A; qi(t, v1q, . . . , vkq) = q
i(q); viA(t, v1q, . . . , vkq) = 〈dq
i, vA〉 ,
where 1 ≤ i ≤ n, 1 ≤ A ≤ k.
Throughout the paper we use the following notation for the canonical projections
R
k × T 1kQ
(πˆ
Rk
)1, 0
//
(πˆ
Rk
)1
''O
O
O
O
O
O
O
O
O
O
O
O
O
R
k ×Q
πˆ
Rk

R
k
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where, for t ∈ Rk, q ∈ Q and (v1q, . . . , vkq) ∈ T
1
kQ,
πˆRk(t, q) = t, (πˆRk)1,0(t, v1q, . . . , vkq) = (t, q), (πˆRk)1(t, v1q, . . . , vkq) = t .
3.3. k-vector fields and integral sections.
Let M be an arbitrary manifold.
Definition 3.3. A section X : M −→ T 1kM of the projection τ
k
M will be called a k-vector field on M .
To give a k-vector field X is equivalent to give a family of k vector fields X1, . . . , Xk. Hence in the
sequel we will indistinctly write X = (X1, . . . , Xk).
Definition 3.4. An integral section of the k-vector field X = (X1, . . . , Xk), passing through a point
x ∈ M , is a map ψ : U0 ⊂ R
k → M , defined on some neighborhood U0 of 0 ∈ R
k, such that ψ(0) = x,
and
(3.2) ψ∗(t)
(
∂
∂tA
∣∣∣
t
)
= XA(ψ(t)) , for every t ∈ U0, 1 ≤ A ≤ k,
or, equivalently, ψ(0) = x and ψ satisfies X ◦ψ = ψ(1), where ψ(1) is the first prolongation of ψ to T 1kM ,
defined by
ψ(1) : U0 ⊂ R
k −→ T 1kM
t −→ ψ(1)(t) = j1
0
ψt ≡
(
ψ∗(t)
(
∂
∂t1
∣∣∣
t
)
, . . . , ψ∗(t)
(
∂
∂tk
∣∣∣
t
))
,
where ψt(s) = ψ(t+ s).
A k-vector field X = (X1, . . . , Xk) on M is said to be integrable if there is an integral section passes
through every point of M .
Remark 3.5. In the k-cosymplectic formalism, the solutions of Euler-Lagrange’s field equations are the
integral sections of k-vector fields. In the case k = 1, this definition coincides with the classical definition
of the integral curve of a vector field. ⋄
4. Lie algebroids
In this section we present some basic facts about Lie algebroids, including features of the associated
differential calculus and results on Lie algebroid morphisms that will be necessary. For further information
on groupoids and Lie algebroids, and their roles in differential geometry, see [4, 20, 32, 33].
4.1. Lie algebroid: definition. Let E be a vector bundle of rank m over a manifold Q of dimension
n, and let τ : E → Q be the vector bundle projection. Denote by Sec(E) the C∞(Q)-module of sections
of τ . A Lie algebroid structure ([[·, ·]]E , ρE) on E is a Lie bracket [[·, ·]]E : Sec(E) × Sec(E) → Sec(E)
on the space Sec(E), together with an anchor map ρE : E → TQ and its, identically denoted, induced
C∞(Q)-module homomorphism ρE : Sec(E)→ X(Q) such that the compatibility condition
[[σ1, fσ2]]E = f [[σ1, σ2]]E + (ρE(σ1)f)σ2 ,
holds for any smooth functions f on Q and sections σ1, σ2 of E (here ρE(σ1) is the vector field on Q
given by ρE(σ1)(q) = ρE(σ1(q))). The triple (E, [[·, ·]]E , ρE) is called a Lie algebroid over Q. From the
compatibility condition and the Jacobi identity, it follows that ρE : Sec(E)→ X(Q) is a homomorphism
between the Lie algebras (Sec(E), [[·, ·]]E) and (X(Q), [·, ·]). The following are examples of Lie algebroids.
(1) Real Lie algebras of finite dimension. Any real Lie algebra of finite dimension is a Lie
algebroid over a single point.
(2) The tangent bundle. If TQ is the tangent bundle of a manifoldQ, then, the triple (TQ, [·, ·], idTQ)
is a Lie algebroid over Q, where idTQ : TQ→ TQ is the identity map.
(3) Another important example of a Lie algebroid may be constructed as follows. Let π : P → Q be
a principal bundle with structural group G. Denote by Φ : G × P → P the free action of G on
P and by TΦ : G× TP → TP the tangent action of G on TP . Then the sections of the quotient
vector bundle τP |G : TP/G → Q = P/G may be identified with the vector fields on P which
are invariant under the action Φ. Since every G-invariant vector field on P is π-projectable and
the standard Lie bracket on vector fields is closed with respect to G-invariant vector fields, we
can define a Lie algebroid structure on TP/G. This Lie algebroid over Q is called the Atiyah
(gauge) algebroid associated with the principal bundle π : P → Q [25, 32].
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Throughout this paper, the role played by a Lie algebroid is the same as the tangent bundle of Q. In
this way, one regards an element e of E as a generalized velocity, and the actual velocity v is obtained
when we apply the anchor map to e, i.e. v = ρE(e).
Let (qi)ni=1 be local coordinates on a neighborhood U of Q and {eα}1≤α≤m a local basis of sections of
τ . Given e ∈ E such that τ(e) = q, we can write e = yα(e)eα(q) ∈ Eq, i.e. each section σ is given locally
by σ
∣∣
U
= yαeα and the coordinates of e are (q
i(e), yα(e)). A Lie algebroid structure on Q is locally
determined as a set of local structure functions ρiα, C
γ
αβ on Q that are defined by
(4.1) ρE(eα) = ρ
i
α
∂
∂qi
, [[eα, eβ]]E = C
γ
α βeγ
and satisfy the relations
(4.2)
∑
cyclic(α,β,γ)
(
ρiα
∂Cνβγ
∂qi
+ CναµC
µ
βγ
)
= 0 , ρjα
∂ρiβ
∂qj
− ρjβ
∂ρiα
∂qj
= ρiγC
γ
αβ .
These relations, which are a consequence of the compatibility condition and Jacobi’s identity, are usually
called the structure equations of the Lie algebroid E.
4.2. Exterior differential. A Lie algebroid structure on E allows us to define the exterior differential
of E, dE : Sec(
∧l
E∗)→ Sec(
∧l+1
E∗), as follows:
(4.3)
dEµ(σ1, . . . , σl+1) =
l+1∑
i=1
(−1)i+1ρE(σi)µ(σ1, . . . , σ̂i, . . . , σl+1)
+
∑
i<j
(−1)i+jµ([σi, σj ]E , σ1, . . . , σ̂i, . . . , σ̂j , . . . σl+1) ,
for µ ∈ Sec(
∧lE∗) and σ1, . . . , σl+1 ∈ Sec(E). It follows that dE is a cohomology operator, that is,
(dE)2 = 0.
In particular, if f : Q→ R is a smooth real function then dEf(σ) = ρE(σ)f , for σ ∈ Sec(E). Locally,
the exterior differential is determined by
(4.4) dEqi = ρiαe
α and dEeγ = −
1
2
C
γ
αβe
α ∧ eβ ,
where {eα} is the dual basis of {eα}.
The usual Cartan calculus extends to the case of Lie algebroids: for every section σ of E we have a
derivation ıσ (contraction) of degree −1 and a derivation Lσ = ıσ ◦d+d◦ ıσ (the Lie derivative) of degree
0; for more details, see [32, 33].
4.3. Morphisms. Let (E, [[·, ·]]E , ρE) and (E
′, [[·, ·]]E′ , ρE′) be two Lie algebroids over Q and Q
′ respec-
tively, and suppose that Φ = (Φ,Φ) is a vector bundle map, that is Φ : E → E′ is a fiberwise linear map
over Φ : Q→ Q′. The pair (Φ,Φ) is said to be a Lie algebroid morphism if
(4.5) dE(Φ∗σ′) = Φ∗(dE
′
σ′) , for all σ′ ∈ Sec(
∧l(E′)∗) and for all l.
Here Φ∗σ′ is the section of the vector bundle
∧l E∗ → Q defined (for l > 0) by
(4.6) (Φ∗σ′)q(e1, . . . , el) = σ
′
Φ(q)(Φ(e1), . . . ,Φ(el)) ,
for q ∈ Q and e1, . . . , el ∈ Eq. In particular, when Q = Q
′ and Φ = idQ then (4.5) holds if and only if
[[Φ ◦ σ1,Φ ◦ σ2]]E′ = Φ[[σ1, σ2]]E , ρE′(Φ ◦ σ) = ρE(σ), for σ, σ1, σ2 ∈ Sec(E) .
Let (qi) be a local coordinate system on Q and (q¯i) a local coordinate system on Q′. Let {eα} and
{e¯α¯} be local base of sections of E and E
′, respectively, and {eα} and {e¯α¯} their respective dual base.
The vector bundle map Φ is determined by the relations Φ∗q¯i¯ = φi¯(q) and Φ∗e¯α¯ = φα¯βe
β for certain local
functions φi¯ and φα¯β on Q. In this coordinate system Φ = (Φ,Φ) is a Lie algebroid morphism if and only
if
(4.7) (ρE)
j
α
∂φi¯
∂qj
= (ρE′)
i¯
β¯φ
β¯
α , φ
β¯
γC
γ
αδ =
(
(ρE)
i
α
∂φβ¯δ
∂qi
− (ρE)
i
δ
∂φβ¯α
∂qi
)
+ C¯β¯
θ¯σ¯
φθ¯αφ
σ¯
δ ,
where the (ρE)
i
α,C
α
βγ are the structure functions on E and the (ρE′)
i¯
α¯, C¯
α¯
β¯γ¯
are the structure functions on
E′.
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For more definitions and properties about the concept of Lie algebroid morphism, see for instance
[9, 20, 39, 40].
4.4. The prolongation of a Lie algebroid over a fibration. In this subsection we recall a particular
kind of Lie algebroid that will be used later (see [9, 20, 25, 37], for more details).
If (E, [[·, ·]]E , ρE) is a Lie algebroid over a manifold Q and π : P → Q is a fibration, then
τ˜P : T
EP =
⋃
p∈P
TEp P → P,
where
TEp P = {(e, vp) ∈ Eπ(p) × TpP | ρE(e) = Tpπ(vp)}
is a Lie algebroid called the prolongation of the Lie algebroid (E, [[·, ·]]E , ρE) (see for instance [20, 25]).
The anchor map of this Lie algebroid is ρπ : TEP → TP, ρπ(e, vp) = vp. In this paper we consider
two particular Lie algebroid prolongations, one with P = Rk × (E⊕ k. . . ⊕E) and the other with P =
R
k × (E∗⊕ k. . . ⊕E∗) (for more details see [9, 20, 25, 37]).
If (qi, uℓ) are local coordinates on P and {eα} is a local basis of sections of E, then a local basis of
τ˜P : T
EP → P is given by the family {Xα,Vℓ} where
(4.8) Xα(p) = (eα(π(p)); ρ
i
α(π(p))
∂
∂qi
∣∣∣
p
) and Vℓ(p) = (0π(p);
∂
∂uℓ
∣∣∣
p
) .
The Lie bracket of two sections of TEP is characterized by the relations
(4.9) [[Xα,Xβ]]
π = CγαβXγ [[Xα,Vℓ]]
π = 0 [[Vℓ,Vϕ]]
π = 0 ,
and the exterior differential is therefore determined by
(4.10)
dT
EP qi = ρiαX
α , dT
EPuℓ = Vℓ
dT
EPXγ = −
1
2
C
γ
αβX
α ∧ Xβ , dT
EPVℓ = 0
where {Xα,Vℓ} is the dual basis of {Xα,Vℓ}.
5. Classical Field Theories on Lie algebroids: a k-cosymplectic approach
In this section, the k-cosymplectic formalism for first order classical field theories (see [30, 31]) is
extended to the general setting of Lie algebroids. Considering a Lie algebroid E as a generalization of the
tangent bundle TQ of Q, we will define the analog of the classical field equations and their solutions, and
we study the analogs of the geometric structures of the standard k-cosymplectic formalism. Lagrangian
and Hamiltonian formalisms are developed in subsections 5.1 and 5.2, respectively, and it is verified
that the standard Lagrangian and Hamiltonian k-cosymplectic formalisms are particular examples of the
formalism developed here. Throughout this section we consider a Lie algebroid (E, [[·, ·]]E , ρE) (E for
simplicity) on the manifold Q.
5.1. Lagrangian formalism. First, we will introduce some geometric ingredients which are necessary
to develop the Lagrangian k-cosymplectic formalism on Lie algebroids.
5.1.1. The manifold Rk×
k
⊕ E. The standard k-cosymplectic Lagrangian formalism is developed on the
bundle Rk × T 1kQ, where T
1
kQ ≡ TQ⊕
k. . . ⊕TQ is the Whitney sum of k copies of TQ. Since we are
thinking of a Lie algebroid E as a substitute of the tangent bundle, it is natural to consider
R
k×
k
⊕ E ≡ Rk × (E⊕ k. . . ⊕E) ,
and the projection map p˜ : Rk×
k
⊕ E → Q, given by p˜(t1, . . . , tk, e1q, . . . , ekq) = q.
Let us observe that the elements of Rk×
k
⊕ E have the following form:
(t, eq) = (t
1, . . . , tk, e1q, . . . , ekq) .
If (qi, yα) are local coordinates on τ −1(U) ⊆ E, then the induced local coordinates (tA, qi, yαA) on
p˜−1(U) ⊆ Rk×
k
⊕ E are given by
(5.1) tA(t, eq) = t
A(t), qi(t, eq) = q
i(q), yαA(t, eq) = y
α(eAq) .
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5.1.2. The Lagrangian prolongation. Consider the prolongation of a Lie algebroid E over the fibration
p˜ : Rk×
k
⊕ E → Q, (see section 4.4),
(5.2) TE(Rk×
k
⊕ E) = {(aq, v(t,eq)) ∈ E × T (R
k×
k
⊕ E)/ ρE(aq) = T p˜(v(t,eq))} ,
where (t, eq) ∈ R
k×
k
⊕ E. We deduce the following properties (see [9, 25, 37] for standard properties of
the prolongation Lie algebroid):
(1) TE(Rk×
k
⊕ E) ⊂ E × T (Rk×
k
⊕ E), with projection
τ˜
Rk×
k
⊕E
: TE(Rk×
k
⊕ E) −→ Rk×
k
⊕ E
has a Lie algebroid structure ([[·, ·]]p˜, ρp˜ ), where the anchor map
ρp˜ : TE(Rk×
k
⊕ E)→ T (Rk×
k
⊕ E)
is the canonical projection on the second factor. In the sequel, this induced Lie algebroid srtruc-
ture will be called the Lagrangian prolongation.
(2) If (tA, qi, yαA) are local coordinates on R
k×
k
⊕ E, then the induced local coordinates on TE(Rk×
k
⊕
E) are
(tA, qi, yαA, z
α, vA, w
α
A)1≤i≤n, 1≤A≤k, 1≤α≤m
where
(5.3)
tA(aq, v(t,eq)) = t
A(t) , zα(aq, v(t,eq)) = y
α(aq) ,
qi(aq, v(t,eq)) = q
i(q) , vA(aq, v(t,eq)) = v(t,eq)(t
A) ,
yαA(aq, v(t,eq)) = y
α
A(eq) , w
α
A(aq, v(t,eq)) = v(t,eq)(y
α
A) .
(3) The set {YA,Xα,V
A
α} given by
YA, Xα, V
A
α : R
k×
k
⊕ E → TE(Rk×
k
⊕ E)
(5.4) YA(t, eq) = (0q;
∂
∂tA
∣∣∣
(t,eq)
) , Xα(t, eq) = (eα(q); ρ
i
α(q)
∂
∂qi
∣∣∣
(t,eq)
) , VAα (t, eq) = (0q;
∂
∂yαA
∣∣∣
(t,eq)
)
is a local basis of Sec(TE(Rk×
k
⊕ E)), the set of sections of τ˜
Rk×
k
⊕E
(see 4.8).
(4) The anchor map ρp˜ : TE(Rk×
k
⊕ E) → T (Rk×
k
⊕ E) allows us to associate a vector field with
each section ξ : Rk×
k
⊕ E → TE(Rk×
k
⊕ E). Locally, if
ξ = ξAYA + ξ
αXα + ξ
α
AV
A
α ∈ Sec(T
E(Rk×
k
⊕ E))
then the associated vector field is given by
(5.5) ρp˜(ξ) = ξA
∂
∂tA
+ ρiαξ
α ∂
∂qi
+ ξαA
∂
∂yαA
∈ X(Rk×
k
⊕ E) .
(5) The Lie bracket of two sections of τ˜
TE(Rk×
k
⊕E)
is characterized by (see 4.9):
(5.6)
[[YA,YB]]
p˜ = 0 , [[YA,Xα]]
p˜ = 0 , [[YA,V
B
β ]]
p˜ = 0 ,
[[Xα,Xβ]]
p˜ = CγαβXγ , [[Xα,V
B
β ]]
p˜ = 0 , [[VAα ,V
B
β ]]
p˜ = 0 .
(6) If {YA,Xα,VαA} is the dual basis of {YA,Xα,V
A
α}, then the exterior differential if given locally
(see 4.4) by
(5.7)
dT
E(Rk×
k
⊕E)f =
∂f
∂tA
YA + ρiα
∂f
∂qi
Xα +
∂f
∂yαA
VαA , for all f ∈ C
∞(Rk×
k
⊕ E)
dT
E(Rk×
k
⊕E)YA = 0 , dT
E(Rk×
k
⊕E)Xγ = −
1
2
C
γ
αβX
α ∧ Xβ , dT
E(Rk×
k
⊕E)V
γ
A = 0 .
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Remark 5.1. In the particular case E = TQ, the manifold TE(Rk×
k
⊕ E) reduces to T (Rk×T 1kQ) since
(5.8)
TTQ(Rk×
k
⊕ TQ) = TTQ(Rk × T 1kQ)
= {(uq, v(t,wq)) ∈ TQ× T (R
k × T 1kQ)/uq = TpQ(v(t,wq))}
= {(TpQ(v(t,wq)), v(t,wq)) ∈ TQ× T (R
k × T 1kQ)/ (t,wq) ∈ R
k × T 1kQ}
≡ {v(t,wq) ∈ T (R
k × T 1kQ)/ (t,wq) ∈ R
k × T 1kQ} ≡ T (R
k × T 1kQ) .
⋄
5.1.3. The Liouville sections and vertical endomorphisms. On TE(Rk×
k
⊕ E) we define two families of
canonical objects, Liouville sections and vertical endomorphism which correspond to the Liouville vector
fields and canonical tensor fields on Rk × T 1kQ (see [31, 44, 45].)
Ath-vertical lifting (see for instance [9]). An element (aq, v(t,eq)) of T
E(Rk×
k
⊕ E) is said to be
vertical if
τ˜1(aq, v(t,eq)) = 0q ∈ E ,
where
τ˜1 : T
E(Rk×
k
⊕ E) → E,
(aq, v(t,eq)) 7→ aq
is the projection on the first factor E. The vertical elements of TE(Rk×
k
⊕ E) are thus of the form
(0q, v(t,eq)) ∈ T
E(Rk×
k
⊕ E)
where v(t,eq) ∈ T (R
k×
k
⊕ E) and (t, eq) ∈ R
k×
k
⊕ E. In particular, the tangent vector v(t,eq) is p˜-vertical,
since by (5.2)
0 = T(t,eq)p˜
(
v(t,eq)
)
.
In a local coordinate system (tA, qi, yαA) on R
k×
k
⊕ E, if (aq, v(t,eq)) ∈ T
E(Rk×
k
⊕ E) is vertical, then
aq = 0q and
v(t,eq) = uA
∂
∂tA
∣∣∣
(t,eq)
+ uαB
∂
∂yαB
∣∣∣
(t,eq)
∈ T(t,eq)(R
k×
k
⊕ E) .
Definition 5.2. For each A = 1, . . . , k, the vertical Ath-lifting is defined as the mapping
(5.9)
·vA : E ×Q (R
k×
k
⊕ E) −→ TE(Rk×
k
⊕ E)
(aq, t, eq) 7−→ (aq, t, eq)
vA =
(
0q, (aq)
vA
(t,eq)
)
where aq ∈ E, (t, eq) = (t
1, . . . , tk, e1q, . . . , ekq) ∈ R
k×
k
⊕ E and the vector (aq)
vA
(t,eq)
∈ T(t,eq)(R
k×
k
⊕ E)
is given by
(5.10) (aq)
vA
(t,eq)
f =
d
ds
∣∣∣
s=0
f(t, e1q , . . . , eAq + saq, . . . , ekq ) , 1 ≤ A ≤ k ,
for an arbitrary function f ∈ C∞(Rk×
k
⊕ E).
The local expression of (aq)
vA
(t,eq)
is
(5.11) (aq)
vA
(t,eq)
= yα(aq)
∂
∂yαA
∣∣∣
(t,eq)
∈ T(t,eq)(R
k×
k
⊕ E) , 1 ≤ A ≤ k .
Since (aq)
vA
(t,eq)
∈ T(t,eq)(R
k×
k
⊕ E) is p˜-vertical, and from (5.4), (5.9) and (5.11) we deduce that locally
(5.12) (aq, t, eq)vA = (0q, yα(aq)
∂
∂yαA
∣∣∣
(t,eq)
) = yα(aq)V
A
α (t, eq) , 1 ≤ A ≤ k .
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Vertical endomorphisms on TE(Rk×
k
⊕ E). One of the most important family of canonical geometric
elements on TE(Rk×
k
⊕ E) is the family of vertical endomorphisms S˜1, . . . , S˜k. This family plays the role
of the canonical tensor fields S1, . . . , Sk in the standard case (see, for instance [31, 44, 45, 47, 48]).
Definition 5.3. For A = 1, . . . , k the Ath-vertical endomorphism on TE(Rk×
k
⊕ E) is the mapping
(5.13)
S˜A : TE(Rk×
k
⊕ E) → TE(Rk×
k
⊕ E)
(aq, v(t,eq)) 7→ S˜
A(aq, v(t,eq)) = (aq, t, eq)
vA ,
where aq ∈ E, (t, eq) ∈ R
k×
k
⊕ E and v(t,eq) ∈ T(t,eq)(R
k×
k
⊕ E).
Locally, let {YA,Xα,V
A
α} be a local basis of Sec(T
E(Rk×
k
⊕ E)) and let {YA,Xα,VαA} be its dual basis.
The corresponding local expression of S˜A is
(5.14) S˜A =
m∑
α=1
VAα ⊗ X
α , 1 ≤ A ≤ k .
Remark 5.4.
(1) In the standard case (E = TQ, ρ = idTQ), the S˜
A constitutes the canonical tensor fields
S1, . . . , Sk on Rk × T 1kQ ( see, for instance, [31, 44, 45, 47, 48]).
(2) The endomorphisms S˜1, . . . , S˜k defined here allows us to introduce the Lagrangian sections when
we develop the k-cosymplectic Lagrangian formalism on Lie algebroids. Moreover these mappings
give a characterization of certain sections of TE(Rk×
k
⊕ E) which we consider in the following
subsection.
⋄
The Liouville sections. The Ath Liouville section ∆̂A is the section of τ˜
Rk×
k
⊕E
: TE(Rk×
k
⊕ E) →
R
k×
k
⊕ E given by
∆̂A : R
k×
k
⊕ E → TE(Rk×
k
⊕ E)
(t, eq) 7→ ∆̂A(t, eq) = (prA(t, eq), t, eq)
vA = (eAq, t, eq)
vA
,
where prA : R
k×
k
⊕ E → E is the canonical projection of Rk×
k
⊕ E over the Ath copy of E. From the
local expression (5.12) of ·VA , and since
yα(eAq) = y
α
A(t, e1q, . . . , ekq) = y
α
A(t, eq),
∆̂A has the local expression
(5.15) ∆̂A =
m∑
α=1
yαAV
A
α , 1 ≤ A ≤ k .
Remark 5.5. In the standard case, ∆̂A is the Ath-Liouville vector field ∆A on R
k × T 1kQ, (see for
instance [31, 44, 47, 48]). ⋄
In the standard Lagrangian k-cosymplectic formalism, the Liouville vector fields ∆1, . . . ,∆k allows us
to define the energy function. Analogously as we will see below, the energy function can be defined in
the Lie algebroid setting using the Liouville sections ∆˜1, . . . , ∆˜k.
5.1.4. Second order partial differential equations (sopde’s). In the standard k-cosymplectic Lagrangian
formalism one obtains the solutions of the Euler-Lagrange equations as integral sections of certain second-
order partial differential equations (sopde in the sequel) on Rk×T 1kQ. In order to introduce the analogous
object on Lie algebroids, we note that in the standard case a sopde ξ is a k-vector field on Rk × T 1kQ,
that is, a section of
T 1k (R
k × T 1kQ) ≡ T (R
k × T 1kQ)⊕
k. . . ⊕T (Rk × T 1kQ)→ R
k × T 1kQ ,
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which satisfies certain properties. Since T 1k (R
k × T 1kQ) is the Whitney sum of k copies of T (R
k × T 1kQ),
it is natural to think that, in the Lie algebroid context, the appropriate space would be the Whitney sum
of k copies of TE(Rk×
k
⊕ E), that is
(TE)1k(R
k×
k
⊕ E) = TE(Rk×
k
⊕ E)⊕ k. . . ⊕TE(Rk×
k
⊕ E) .
We denote by τ˜k
Rk×
k
⊕E
its canonical projection on Rk×
k
⊕ E.
Definition 5.6. A second order partial differential equation (sopde) on Rk×
k
⊕ E is a map ξ =
(ξ1, . . . , ξk) : R
k×
k
⊕ E → (TE)1k(R
k×
k
⊕ E) which is a section of τ˜k
Rk×
k
⊕E
and satisfies the equations
S˜A(ξA) = ∆̂A and Y
B(ξA) = δ
B
A , 1 ≤ A,B ≤ k .
Since (TE)1k(R
k×
k
⊕ E) is the Whitney sum of k copies of TE(Rk×
k
⊕ E), we deduce that to give a
section ξ of τ˜k
Rk×
k
⊕E
is equivalent to giving a family of k sections ξ1, . . . , ξk of the Lagrangian prolongation
TE(Rk×
k
⊕ E) obtained by projection ξ on each factor.
One easily deduces that the local expression of a sopde ξ = (ξ1, . . . , ξk) is
(5.16) ξA = YA + y
α
AXα + (ξA)
α
BV
B
α ,
where (ξA)
B
α ∈ C
∞(Rk×
k
⊕ E).
Lemma 5.7. Let ξ = (ξ1, . . . , ξk) : R
k×
k
⊕ E → (TE)1k(R
k×
k
⊕ E) be a section of τ˜k
Rk×
k
⊕E
. Then
(ρp˜(ξ1), . . . , ρ
p˜(ξk)) : R
k×
k
⊕ E → T 1k (R
k×
k
⊕ E)
is a k-vector field on Rk×
k
⊕ E, where ρp˜ : TE(Rk×
k
⊕ E) ≡ E ×TQ T (R
k×
k
⊕ E)→ T (Rk×
k
⊕ E) is the
anchor map of the Lie algebroid TE(Rk×
k
⊕ E).
Proof. Directly by section 5.1.2 (6).
In local coordinates
(5.17) ρp˜(ξA) =
∂
∂tA
+ ρiαy
α
A
∂
∂qi
+ (ξA)
α
B
∂
∂yαB
∈ X(Rk×
k
⊕ E) .
Definition 5.8. A map η : U ⊆ Rk → Rk×
k
⊕ E is an integral section of a sopde ξ = (ξ1, . . . , ξk) if η is
an integral section of the k-vector field (ρp˜(ξ1), . . . , ρ
p˜(ξk)) associated with ξ, that is,
(5.18) ρp˜(ξA)(η(t)) = η∗(t)
(
∂
∂tA
∣∣∣
t
)
, 1 ≤ A ≤ k .
In η is written locally as η(t) = (ηA(t), η
i(t), ηαA(t)), then from (5.17) we deduce that (5.18) is locally
equivalent to the identities
(5.19)
∂ηB
∂tA
∣∣∣
t
= δAB ,
∂ηi
∂tA
∣∣∣
t
= ηαA(t)ρ
i
α ,
∂ηβB
∂tA
∣∣∣
t
= (ξA)
β
B(η(t)) .
5.1.5. Lagrangian formalism. In this section we develop an intrinsic and global geometric framework that
allows us to write the Euler-Lagrange equations associated with a Lagrangian function L : Rk×
k
⊕ E → R
on a Lie algebroid. We first introduce some geometric elements associated with L.
Poincare´-Cartan or Lagrangian sections. The Poincare´-Cartan 1-sections ΘAL are defined by
ΘAL : R
k×
k
⊕ E −→ (TE(Rk×
k
⊕ E)) ∗
(t, eq) 7−→ Θ
A
L(t, eq)
where ΘAL(t, eq) : (T
E(Rk×
k
⊕ E))(t,eq) → R is the linear mapping defined by
(5.20) (ΘAL)(t, eq)(aq, v(t,eq)) = (d
T
E(Rk×
k
⊕E)L)(t,eq)((S˜
A)(t,eq)(aq, v(t,eq))) .
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Using (5.7) with f = L,
(5.21)
(ΘAL)(t, eq)(aq, v(t,eq)) = (d
T
E(Rk×
k
⊕E)L)(t,eq)((S˜
A)(t,eq)(aq, v(t,eq)))
= [ρp˜((S˜A)(t,eq)(aq, v(t,eq)))]L ,
where (t, eq) ∈ R
k×
k
⊕ E, (aq, v(t,eq)) ∈ [T
E(Rk×
k
⊕ E)](t,eq) and
ρp˜((S˜A)(t,eq)(aq, v(t,eq))) ∈ T(t,eq)(R
k×
k
⊕ E).
The Poincare´-Cartan 2-sections
ΩAL : R
k×
k
⊕ E → Λ2(TE(Rk×
k
⊕ E)) ∗, 1 ≤ A ≤ k
are defined by
ΩAL : = −d
T
E(Rk×
k
⊕E)ΘAL , 1 ≤ A ≤ k .
To find the local expression of ΘAL and Ω
A
L , consider {YB,Xα, V
B
α }, a local basis of Sec(T
E(Rk×
k
⊕ E)),
and its dual basis {YB,Xα, VαB}. From (5.5), (5.14) and (5.21), we deduce that
(5.22) ΘAL =
∂L
∂yαA
Xα , 1 ≤ A ≤ k ,
and from the local expressions (5.5), (5.6), (5.7) and (5.22),
(5.23) ΩAL =
1
2
(
ρ
i
β
∂2L
∂qi∂yαA
− ρ
i
α
∂2L
∂qi∂y
β
A
+ Cγαβ
∂L
∂y
γ
A
)
X
α
∧ X
β +
∂2L
∂tB∂yαA
X
α
∧ Y
B +
∂2L
∂y
β
B∂y
α
A
X
α
∧ V
β
B .
We say that the lagrangian L is regular if the matrix ( ∂
2L
∂yα
A
∂yβ
B
) is non-singular.
Remark 5.9. When we consider the particular case E = TQ and ρ = idTQ,
ΩAL(X,Y ) = ω
A
L (X,Y ) , 1 ≤ A ≤ k ,
where X,Y are vector fields on Rk × T 1kQ and ω
1
L, . . . , ω
k
L are the Lagrangian 2-forms of the standard
k-cosymplectic Lagrangian formalism, see for instance [44, 47, 48]. ⋄
The energy function. The energy function EL : R
k×
k
⊕ E → R defined by the Lagrangian L is
EL =
k∑
A=1
ρp˜(∆̂A)L− L .
and from (5.5) and (5.15) one deduces that EL is locally given by
(5.24) EL =
k∑
A=1
yαA
∂L
∂yαA
− L ∈ C∞(Rk×
k
⊕ E) .
Morphisms. We generalize the Euler-Lagrange equations and their solutions to the case of Lie algebroids
in terms of Lie algebroid morphisms.
In the standard Lagrangian k-cosymplectic formalism, a solution of the Euler-Lagrange equations is a
field φ : Rk → Q with a first prolongation φ[1] : Rk → Rk × T 1kQ satisfying those equations, that is,
k∑
A=1
∂
∂tA
∣∣∣
t
(
∂L
∂viA
∣∣∣
φ[1](t)
)
=
∂L
∂qi
∣∣∣
φ[1](t)
.
The map φ naturally induces the Lie algebroid morphism
TRk
Tφ
//
τ
Rk

TQ
τQ

R
k
φ
// Q
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and in terms of the canonical basis of sections of τRk ,
{
∂
∂t1
, . . . ,
∂
∂tk
}
, the first prolongation of φ, φ[1],
can be written as
φ[1](t) = (t, Ttφ(
∂
∂t1
∣∣∣
t
), . . . , Ttφ(
∂
∂tk
∣∣∣
t
)) .
For a general Lie algebroid we shall derive Euler-Lagrange equations for field theories on Lie algebroids
using as a main tool Lie algebroid morphisms Φ = (Φ,Φ),
TRk
Φ
//
τ
Rk

E
τ

R
k
Φ
// Q
with an associated map Φ˜ : Rk → Rk×
k
⊕ E
Φ˜ : Rk → Rk×
k
⊕ E ≡ Rk × E⊕ k. . . ⊕E
t → (t,Φ(e1(t)), . . . ,Φ(ek(t))) .
where {eA}
k
A=1 is a fixed local basis of local sections of TR
k.
If (tA) and (qi) are local coordinate systems on Rk and Q, respectively; {eA} and {eα} local basis of
sections of τRk and E, respectively; and {e
A} and {eα} the respective dual bases; then Φ(t) = (φi(t))
and Φ∗eα = φαAe
A for certain local functions φi and φαA on R
k, the associated map Φ˜ is given locally by
Φ˜(t) = (tA, φi(t), φαA(t)), and the Lie algebroid morphism conditions (4.7) are
(5.25) ρiαφ
α
A =
∂φi
∂tA
, 0 =
∂φαA
∂tB
−
∂φαB
∂tA
+ Cαβγφ
β
Bφ
α
A .
Remark 5.10. In the standard case (E = TQ), the morphism conditions reduce to
φiA =
∂φi
∂tA
and
∂φiA
∂tB
=
∂φiB
∂tA
,
i.e., the standard first-order prolongations of fields φ : Rk → Q. ⋄
The Euler-Lagrange equations. Given a regular Lagrangian function L : Rk×
k
⊕ E → R , it is natural
to consider sections ξL = (ξ1, . . . , ξk) of (T
E)1k(R
k×
k
⊕ E) = TE(Rk×
k
⊕ E)⊕ k. . . ⊕TE(Rk×
k
⊕ E) →
R
k×
k
⊕ E such that
(5.26) YB(ξA) = δ
B
A ,
k∑
A=1
ıξAΩ
A
L = d
T
E(Rk×
k
⊕E)EL +
k∑
A=1
∂L
∂tA
YA .
equation (5.26) being the analog of the geometric Euler-Lagrange equations of the standard k-cosymplectic
Lagrangian formalism.
Theorem 5.11. Let L : Rk×
k
⊕ E → R be a regular Lagrangian, and ξ1, . . . , ξk k sections of τ˜
Rk×
k
⊕E
:
TE(Rk×
k
⊕ E)→ Rk×
k
⊕ E such that
YB(ξA) = δ
B
A ,
k∑
A=1
ıξAΩ
A
L = d
T
E(Rk×
k
⊕E)EL +
k∑
A=1
∂L
∂tA
YA .
Then:
(1) ξL = (ξ1, . . . , ξk) is a sopde.
(2) If Φ˜ : Rk → Rk×
k
⊕ E is the map associated with a Lie algebroid morphism between TRk and
E, and is an integral section of ξL, then it is a solution of the Euler-Lagrange equations of field
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theories on Lie algebroids, that is,
(5.27)
k∑
A=1
∂
∂tA
(
∂L
∂yαA
∣∣∣
Φ˜(t)
)
= ρiα
∂L
∂qi
∣∣∣
Φ˜(t)
− φβA(t)C
γ
αβ
∂L
∂yγA
∣∣∣
Φ˜(t)
,
∂φi
∂tA
∣∣∣
t
= φαA(t)ρ
i
α
0 =
∂φαA
∂tB
∣∣∣
t
−
∂φαB
∂tA
∣∣∣
t
+ Cαβγφ
β
B(t)φ
γ
A(t) .
Proof. The proof is analogous to the one in Theorem 4.18 in [24].
In this case one obtains that if ξL = (ξ1, . . . , ξk) : R
k×
k
⊕ E → (TE)1k(R
k×
k
⊕ E) is a solution to (5.26)
then:
(1) ξL is a sopde on T
E(Rk×
k
⊕ E). With respect to a local coordinate system (tA, qi, yαA) on
R
k×
k
⊕ E and a local basis {eα} of Sec(E) it is given locally by
ξA = YA + y
α
AXα + (ξA)
α
BV
B
α
(ξA)
α
B being functions on R
k×
k
⊕ E;
(2) the functions (ξA)
α
B ∈ C
∞(Rk×
k
⊕ E) satisfy the following equations:
(5.28)
∂2L
∂tA∂yαA
+ yβAρ
i
β
∂2L
∂qi∂yαA
+ (ξA)
β
B
∂2L
∂yβB∂y
α
A
= ρiα
∂L
∂qi
− yβAC
γ
αβ
∂L
∂yγA
.
If the map Φ˜ : Rk → Rk×
k
⊕ E associated with a Lie algebroid morphism Φ: TRk → E and defined
by Φ˜(t) = (t, φi(t), φαA(t)), is an integral section of ξL, then by condition (5.19) and equations (5.28) we
obtain
k∑
A=1
∂
∂tA
(
∂L
∂yαA
∣∣∣
Φ˜(t)
)
= ρiα
∂L
∂qi
∣∣∣
Φ˜(t)
− φβA(t)C
γ
αβ
∂L
∂yγA
∣∣∣
Φ˜(t)
,
∂φi
∂tA
∣∣∣
t
= φαA(t)ρ
i
α ,
0 =
∂φαA
∂tB
∣∣∣
t
−
∂φαB
∂tA
∣∣∣
t
+ Cαβγφ
β
B(t)φ
γ
A(t)
where the last two equations are consequence of the morphism conditions (5.25).
If E is the standard Lie algebroid TQ, the previous equations are the classical Euler-Lagrange equations
for the Lagrangian L : Rk×T 1kQ→ R. In what follows (5.27) will be called the Euler-Lagrange equations
of field theories on Lie algebroids.
Remark 5.12.
(1) Equations (5.27) are obtained by E. Martinez [40] using a variational approach in the multisym-
plectic framework.
(2) If L does not depends on t, then it can be considered as a map L :
k
⊕ E → R. In this case the
sections ΩAL can be thought as sections of T
E(
k
⊕ E) and from (5.26) we deduce the k-symplectic
Euler-Lagrange equations on Lie algebroids developed in [24].
(3) When E = TQ, equations (5.26) are the standard k-cosymplectic geometric version of the Euler-
Lagrange equations for field theories develop by M. de Leo´n et al in [31].
(4) When L does not depends on t and E = TQ and ρ = idTQ, equations (5.26) coincide with the
Euler-Lagrange equations of the Gu¨nther formalism [19].
⋄
In the following table we write the geometric Lagrangian equations in the above particular cases.
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Lagrangian formalism
Geometric Lagrangian equations
k-cosymplectic formalism
on Lie algebroids
YB(ξA) = δ
B
A
k∑
A=1
ıξAΩ
A
L = d
T
E(Rk×
k
⊕E)EL +
k∑
A=1
∂L
∂tA
YA
(ξ1, . . . , ξk) family of k sections of T
E(Rk×
k
⊕ E)
k-symplectic formalism
on Lie algebroids(
∂L
∂tA = 0, A = 1, . . . , k
)
k∑
A=1
ıξAΩ
A
L = d
T
E(
k
⊕E)EL
(ξ1, . . . , ξk) family of k sections of T
E(
k
⊕ E)
Standard
k-cosymplectic formalism
(E = TQ)
dtA(YB) = δ
A
B
k∑
A=1
iYAω
A
L = dEL +
k∑
A=1
∂L
∂tA
dtA
(Y1, . . . , Yk) k-vector field on R
k × T 1kQ
Standard
k-symplectic formalism
(E = TQ)(
∂L
∂tA = 0, A = 1, . . . , k
)
k∑
A=1
iYAω
A
L = dEL
(Y1, . . . , Yk) k-vector field on T
1
kQ
Remark 5.13. When k = 1,
(1) If L explicitly depends on t, equations (5.26) are the equations of Lagrangian mechanics for time-
dependent system defined on Lie algebroids, see for instance [51, 52]. Moreover. In this case,
when E = TQ, (5.26) are the dynamical equations of non-autonomous mechanics (see [11]).
(2) If L does not depends on t, equations (5.26) are the geometric equations for autonomous la-
grangian mechanics on Lie algebroids, see for instance [38]. Finally in this case if E = TQ we
have the classical equations for autonomous mechanics.
⋄
5.2. Hamiltonian formalism. In this section we extend the standard Hamiltonian k-cosymplectic for-
malism to Lie algebroids. In the following, we consider a Lie algebroid (E, [[·, ·]]E , ρE) over a manifold Q,
and the dual bundle, τ ∗ : E ∗ → Q of E.
5.2.1. The manifold Rk×
k
⊕ E∗. The appropriate space of the standard Hamiltonian k-cosymplectic
formalism is the bundle Rk × (T 1k )
∗Q, where (T 1k )
∗Q is the bundle of k1-velocities of Q, that is, the
Whitney sum of k copies of T ∗Q. For this generalization to Lie algebroids, it is natural to consider that
the analog of Rk × (T 1k )
∗Q is
R
k×
k
⊕ E ∗ ≡ Rk × (E∗⊕ k. . . ⊕E∗) ,
with the projection map
p˜∗ : Rk×
k
⊕ E ∗ → Q, p˜∗(t1, . . . , tk, e1
∗
q , . . . , ek
∗
q) = q ,
k
⊕ E ∗ being the Whitney sum of k copies of the dual space E∗.
Let us observe that the elements of Rk×
k
⊕ E ∗ are of the form
(t, e∗q) = (t
1, . . . , tk, e1
∗
q , . . . , ek
∗
q) .
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If (qi, yα) are local coordinates on (τ
∗)−1(U) ⊆ E∗, then the induced local coordinates (tA, qi, yAα ) on
(p˜∗)−1(U) ⊆ Rk×
k
⊕ E ∗ are given by
(5.29) tA(t, e∗q) = t
A(t), qi(t, e∗q) = q
i(q), yAα (t, e
∗
q) = yα(eA
∗
q) .
5.2.2. The Hamiltonian prolongation. We next consider the prolongation of a Lie algebroid E over the
fibration p˜∗ : Rk×
k
⊕ E ∗ → Q, that is (see section 4.4)
(5.30) TE(Rk×
k
⊕ E ∗) = {(aq, v(t,e∗q)) ∈ E × T (R
k×
k
⊕ E ∗)/ ρ(aq) = T p˜
∗(v(t,e∗q ))} .
Taking into account the description of the prolongation TEP and the results on Section 4.4 (see also
[9, 25, 37]), we obtain
(1) TE(Rk×
k
⊕ E ∗) ⊂ E × T (Rk×
k
⊕ E ∗) is a Lie algebroid over Rk×
k
⊕ E ∗, with the projection
τ˜
Rk×
k
⊕E ∗
: TE(Rk×
k
⊕ E ∗) −→ Rk×
k
⊕ E ∗
and Lie algebroid structure ([[·, ·]]p˜
∗
, ρp˜
∗
), where the anchor map
ρp˜
∗
: TE(Rk×
k
⊕ E ∗)→ T (Rk×
k
⊕ E ∗)
is the canonical projection onto the second factor. We refer to this Lie algebroid as the k-
cosymplectic Hamiltonian prolongation
(2) Local coordinates (tA, qi, yAα ) on R
k×
k
⊕ E ∗ induce local coordinates (tA, qi, yAα , z
α, vA, w
A
α ) on
TE(Rk×
k
⊕ E ∗), where
(5.31)
tA(aq, v(t,e∗q )) = t
A(t) , zα(aq, v(t,e∗q)) = y
α(aq) ,
qi(aq, v(t,e∗q)) = q
i(q) , vA(aq, v(t,e∗q)) = v(t,e∗q)(t
A) ,
yAα (aq, v(t,e∗q)) = y
A
α (t, e
∗
q) , w
A
α (aq, v(t,e∗q )) = v(t,e∗q)(y
A
α ) .
(3) The set {YA,Xα,V
α
A} given by
YA, Xα, V
α
A : R
k×
k
⊕ E ∗ → TE(Rk×
k
⊕ E ∗)
(5.32) YA(t, e
∗
q) = (0q ;
∂
∂tA
∣∣∣
(t,e∗q)
) , Xα(t, e
∗
q) = (eα(q); ρ
i
α(q)
∂
∂qi
∣∣∣
(t,e∗q)
) , VαA(t, e
∗
q) = (0q ;
∂
∂yAα
∣∣∣
(t,e∗q)
)
is a local basis of Sec(TE(Rk×
k
⊕ E ∗)), the set of sections of τ˜
Rk×
k
⊕E ∗
(see (4.8)).
(4) The anchor map ρp˜
∗
: TE(Rk×
k
⊕ E ∗)→ T (Rk×
k
⊕ E ∗) allows us to associate a vector field with
each section ξ : Rk×
k
⊕ E ∗ → TE(Rk×
k
⊕ E ∗) of τ˜
Rk×
k
⊕E ∗
. Locally, if ξ is given by
ξ = ξAYA + ξ
αXα + ξ
A
αV
α
A ∈ Sec(T
E(Rk×
k
⊕ E ∗)),
then the associate vector field is
(5.33) ρp˜
∗
(ξ) = ξA
∂
∂tA
+ ρiαξ
α ∂
∂qi
+ ξAα
∂
∂yAα
∈ X(Rk×
k
⊕ E ∗) .
(5) The Lie bracket of two sections of τ˜
Rk×
k
⊕E ∗
is characterized by the relations (see (4.9)),
(5.34)
[[YA,YB]]
p˜∗ = 0 , [[YA,Xα]]
p˜∗ = 0 , [[YA,V
β
B]]
p˜∗ = 0 ,
[[Xα,Xβ]]
p˜∗ = CγαβXγ , [[Xα,V
β
B]]
p˜∗ = 0 , [[VαA,V
β
B]]
p˜∗ = 0 .
(6) If {YA,Xα,VAα} is the dual basis of {YA,Xα,V
α
A}. then the exterior differential is given by
(5.35)
dT
E(Rk×
k
⊕E ∗)f =
∂f
∂tA
YA + ρiα
∂f
∂qi
Xα +
∂f
∂yAα
VAα , for all f ∈ C
∞(Rk×
k
⊕ E ∗)
dT
E(Rk×
k
⊕E ∗)YA = 0 , dT
E(Rk×
k
⊕E ∗)Xγ = −
1
2
C
γ
αβX
α ∧Xβ , dT
E(Rk×
k
⊕E ∗)VAγ = 0 ,
(see (4.10)).
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Remark 5.14. In the particular case E = TQ, the manifold TE(Rk×
k
⊕ E ∗) reduces to T (Rk×(T 1k )
∗Q).
The proof is analogous to the on in remark 5.1. ⋄
5.2.3. The vector bundle TE(Rk×
k
⊕ E ∗)⊕ k. . . ⊕TE(Rk×
k
⊕ E ∗). In the standard Hamiltonian k-
cosymplectic formalism one obtains the solutions of the Hamilton equations as integral sections of certain
k-vector fields on Rk × (T 1k )
∗Q, that is sections of
τk
Rk×(T 1
k
)∗Q : T
1
k (R
k × (T 1k )
∗Q)→ Rk × (T 1k )
∗Q .
Since on Lie algebroids the vector bundle TE(Rk×
k
⊕ E ∗) plays the role of T (Rk × (T 1k )
∗Q), it is
natural to assume that the role of
T 1k (R
k × (T 1k )
∗Q) ≡ T (Rk × (T 1k )
∗Q)⊕ k. . . ⊕T (Rk × (T 1k )
∗Q)
is played by
(TE)1k(R
k×
k
⊕ E ∗) : = TE(Rk×
k
⊕ E ∗)⊕ k. . . ⊕TE(Rk×
k
⊕ E ∗) ,
the Whitney sum of k copies of TE(Rk×
k
⊕ E ∗), being the canonical projection τ˜ k
Rk×
k
⊕E ∗
: (TE)1k(R
k×
k
⊕
E ∗)→ Rk×
k
⊕ E ∗ given by
τ˜ k
Rk×
k
⊕E ∗
(Z1(t,e∗q), . . . , Z
k
(t,e∗q)
) = (t, e∗q),
where ZA(t,e∗q)
= (aAq, vA(t,e∗q)) ∈ T
E(Rk×
k
⊕ E ∗), A = 1, . . . , k. We have the following
Proposition 5.15. Let ξ = (ξ1, . . . , ξk) be a section of τ
k
Rk×(T 1
k
)∗Q
. Then
(ρp˜
∗
(ξ1), . . . , ρ
p˜ ∗(ξk)) : R
k×
k
⊕ E ∗ → T 1k (R
k×
k
⊕ E ∗)
ξA : R
k×
k
⊕ E ∗ → TE(Rk×
k
⊕ E ∗)
is a k-vector field on Rk×
k
⊕ E ∗, where ρp˜
∗
is the anchor map of the Lie algebroid TE(Rk×
k
⊕ E ∗).
Proof. Directly from (5.33) and the above remark.
5.2.4. Hamiltonian formalism. Let (E, [[·, ·]]E , ρE) be a Lie algebroid on a manifold Q, and H : R
k×
k
⊕
E ∗ → R a Hamiltonian function. To develop the Hamiltonian k-cosymplectic formalism on Lie algebroids,
we need to define an appropriate notion of Liouville sections.
The Liouville sections. The Liouville 1-sections are defined as sections of the bundle
(
TE(Rk×
k
⊕
E ∗)
) ∗
→ Rk×
k
⊕ E ∗ such that
ΘA : Rk×
k
⊕ E ∗ −→ (TE(Rk×
k
⊕ E ∗)) ∗
(t, e ∗q ) 7−→ Θ
A
(t,e ∗q )
1 ≤ A ≤ k ,
where ΘA(t,e ∗q )
: (TE(Rk×
k
⊕ E ∗))(t,e ∗q ) → R is the linear function:
(5.36) (aq, v(t,e ∗q )) 7−→ Θ
A
(t,e ∗q )
(aq, v(t,e ∗q )) = e
∗
Aq
(aq) ,
for each aq ∈ E, (t, e
∗
q ) = (t, e1
∗
q , . . . , ek
∗
q) ∈ R
k×
k
⊕ E ∗ and v(t,e ∗q ) ∈ T(t,e ∗q )(R
k×
k
⊕ E ∗). The Liouville
2-sections
ΩA : Rk×
k
⊕ E ∗ → Λ2
[
TE(Rk×
k
⊕ E ∗)
] ∗
, 1 ≤ A ≤ k
defined by
ΩA = −dT
E(Rk×
k
⊕E ∗)ΘA ,
where dT
E(Rk×
k
⊕E ∗) denotes the exterior differential on the Lie algebroid TE(Rk×
k
⊕ E ∗) ( see (5.35)).
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Locally, if {YB,Xα, V
β
B} is a local basis of Sec(T
E(Rk×
k
⊕ E ∗)) and {YB,Xα, VBβ } its dual basis, then
from (5.32),
(5.37) ΘA =
m∑
β=1
yAβ X
β , 1 ≤ A ≤ k ,
and from (5.34), (5.35) and (5.37),
(5.38) ΩA =
∑
β
Xβ ∧ VAβ +
1
2
∑
β,γ,δ
yAδ C
δ
βγX
β ∧ Xγ , 1 ≤ A ≤ k .
Remark 5.16. When E = TQ and ρ = idTQ then
ΩA(X,Y ) = ωA(X,Y ) , 1 ≤ A ≤ k ,
where X,Y are vector field on Rk × (T 1k )
∗Q and ω1, . . . , ωk are the canonical 2-forms of the standard
Hamiltonian k-cosymplectic formalism (see (3.1)). ⋄
The Hamiltonian equations.
Theorem 5.17. Let H : Rk×
k
⊕ E∗ → R be a Hamiltonian function and
ξH = (ξ1, . . . , ξk) : R
k×
k
⊕ E → (TE)1k(R
k×
k
⊕ E ∗) ∼= TE(Rk×
k
⊕ E ∗)⊕ k. . . ⊕TE(Rk×
k
⊕ E ∗)
a section of τ˜ k
Rk×
k
⊕E∗
, (or equivalently, ξ1, . . . , ξk are k sections of the Hamiltonian prolongation), such
that
(5.39) YB(ξA) = δ
B
A ,
k∑
A=1
ıξAΩ
A = dT
E(Rk×
k
⊕E ∗)H −
k∑
A=1
∂H
∂tA
YA .
If ψ : Rk → Rk×
k
⊕ E∗, ψ(t) = (t, ψi(t), ψAα (t)) is an integral section of ξH , then ψ is a solution of
the following system of partial differential equations:
(5.40)
∂ψ i
∂tA
∣∣∣
t
= ρiα
∂H
∂yAα
∣∣∣
ψ(t)
,
k∑
A=1
∂ψ Aβ
∂tA
∣∣∣
t
= −
(
ρiβ
∂H
∂qi
∣∣∣
ψ(t)
+
k∑
A=1
ψAγ (t)C
γ
αβ
∂H
∂yAα
∣∣∣
ψ(t)
)
.
Remark 5.18. In the particular case E = TQ and ρ = idTQ, equations (5.40) are the Hamilton field
equations. Accordingly, equations (5.40) are called the Hamilton equations for Lie algebroids. ⋄
Proof. The proof is analogous to that of Theorem 5.11 in section 5.1.5. A schedule of this proof is the
following:
Consider {YB,Xα, V
β
B}, a local basis of sections of τ˜
Rk×
k
⊕E ∗
: TE(Rk×
k
⊕ E ∗) −→ Rk×
k
⊕ E ∗. If
ξH = (ξ1, . . . , ξk), then each component ξA can be written in the form
(5.41) ξA = ξ
B
AYB + ξ
α
AXα + (ξA)
B
αV
α
B .
and from (5.35), (5.38) and (5.41) the local expression of (5.39) is
(5.42) ξBA = δ
B
A , ξ
α
A =
∂H
∂yAα
,
k∑
A=1
(ξA)
A
α = −
(
ρiα
∂H
∂qi
+
k∑
A=1
C
γ
αβy
A
γ
∂H
∂yAβ
)
.
Also, if ψ : Rk → Rk×
k
⊕ E ∗, ψ(t) = (t, ψi(t), ψAα (t)) is an integral section of ξH , that is ψ is an
integral section of (ρp˜
∗
(ξ1), . . . , ρ
p˜ ∗(ξk)), the associated k-vector field on R
k×
k
⊕ E ∗, then
(5.43) ρiα(ξ
α
A ◦ ψ) =
∂ψi
∂tA
, (ξA)
B
β ◦ ψ =
∂ψBβ
∂tA
.
¿From (5.42) and (5.43),
∂ψi
∂tA
=
∂H
∂yAα
ρiα and
k∑
A=1
∂ψAα
∂tA
= −
(
Cδαβ ψ
A
δ
∂H
∂yAβ
+ ρiα
∂H
∂qi
)
.
k-COSYMPLECTIC FORMALISM ON LIE ALGEBROIDS 19
Remark 5.19.
(1) When H does not depends on t, then it can be considered as a map H :
k
⊕ E ∗ → R. In this
case, the sections ΩA can be thought as sections of TE(
k
⊕ E ∗) and from (5.39) one obtains the
k-symplectic Hamiltonian equations for field theories on Lie algebroids (see [24]).
(2) When E = TQ and ρ = idTQ, equations (5.39) are the standard k-cosymplectic geometric version
of the Hamilton equations for field theories develop by M. de Leo´n et al in [30].
(3) If H does not depends on t and we consider the case E = TQ and ρ = IdTQ we obtain the
standard k-symplectic geometric version of the Hamilton equations for field theories (see, for
instance [43, 49]).
⋄
In the following table we write the geometric Lagrangian equations in the above particular cases.
Hamiltonian formalism
Geometric Hamiltonian equations
k-cosymplectic formalism
on Lie algebroids
YB(ξA) = δ
B
A
k∑
A=1
ıξAΩ
A = dT
E(Rk×
k
⊕E ∗)H −
k∑
A=1
∂H
∂tA
YA
(ξ1, . . . , ξk) family of k sections of T
E(Rk×
k
⊕ E ∗)
k-symplectic formalism
on Lie algebroids(
∂H
∂tA = 0 , A = 1, . . . , k
)
k∑
A=1
ıξAΩ
A = dT
E(
k
⊕E ∗)H
(ξ1, . . . , ξk) family of k sections of T
E(
k
⊕ E ∗)
Standard
k-cosymplectic formalism
(E = TQ)
dtA(YB) = δ
A
B
k∑
A=1
iYAω
A = dH −
k∑
A=1
∂H
∂tA
dtA
(Y1, . . . , Yk) k-vector field on R
k × (T 1k )
∗Q
Standard
k-symplectic formalism
(E = TQ)(
∂H
∂tA = 0 , A = 1, . . . , k
)
k∑
A=1
iYAω
A
L = dH
(Y1, . . . , Yk) k-vector field on (T
1
k )
∗Q
Remark 5.20. When k = 1,
(1) If H explicitly depends on t, equations (5.39) are the equations of Hamiltonian mechanics for
time-dependent system defined on Lie algebroids ( see [51, 52], for instance). Moreover, when
E = TQ and ρ = IdTQ we have the dynamical equations of the non-autonomous mechanics (see
[11]).
(2) If H does not depends on t , equations (5.39) are the geometric equations of autonomous Hamil-
tonian mechanics on Lie algebroids (see, for instance, [38]). In this case, if E = TQ and ρ = idTQ
we have the classical equations of autonomous mechanics.
⋄
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5.3. Equivalence between the Lagrangian and Hamiltonian formalism. In the standard case
the Hamiltonian and Lagrangian k-cosymplectic formulations are equivalents when the Lagrangian is
hyperregular. On the k-symplectic formalism on Lie algebroid we have obtained a similar result (see
[24]). In this section we will define the Legendre transformation on Lie algebroids and we will establish
the equivalence between the Lagrangian and Hamiltonian formalisms when the Lagrangian function is
hyperregular.
Definition 5.21. The Legendre transformation associated with L : Rk×
k
⊕ E → R is the smooth map
Leg : Rk×
k
⊕ E → Rk×
k
⊕ E ∗
defined by
Leg(t, eq) =
(
t, [Leg(t, eq)]
1, . . . , [Leg(t, eq)]
k
)
where
[Leg(t, eq)]
A(uq) =
d
ds
∣∣∣
s=0
L(t, e1q , . . . , eAq + suq, . . . , ekq ) , 1 ≤ A ≤ k ,
where uq ∈ Eq and (t, eq) = (t, e1q , . . . , ekq ) ∈ R
k×
k
⊕ E.
The map Leg is well defined, and its local expression is
Leg(tA, qi, yαA) = (t
A, qi,
∂L
∂yαA
) .
From this expression, it is easy to prove that the Lagrangian L is regular if and only if Leg is a local
diffeomorphism.
Remark 5.22. When E = TQ, the Legendre transformation defined here coincides with the Legendre
map of the standard k-cosymplectic formalism, see [31, 44]. ⋄
Leg induces a map
TE Leg : TE(Rk×
k
⊕ E)→ TE(Rk×
k
⊕ E ∗)
defined by
TE Leg(aq, v(t,eq)) =
(
aq, (Leg)∗(t, eq)(v(t,eq))
)
,
where aq ∈ Eq, (t, eq) ∈ R
k×
k
⊕ E and (aq, v(t,eq)) ∈ T
E(Rk×
k
⊕ E) ⊂ E × T (Rk×
k
⊕ E).
Theorem 5.23. The pair (TE Leg, Leg) is a morphism between the Lie algebroid (TE(Rk×
k
⊕ E), ρp˜, [[·, ·]]p˜)
and (TE(Rk×
k
⊕ E∗), ρp˜
∗
, [[·, ·]]p˜
∗
).
TE(Rk×
k
⊕ E)
T
E Leg
//
τ˜
Rk×
k
⊕E

TE(Rk×
k
⊕ E ∗)
τ˜
Rk×
k
⊕E ∗

R
k×
k
⊕ E Leg
//
R
k×
k
⊕ E ∗
Moreover, if ΘAL and Ω
A
L are, respectively, the Poincare´-Cartan 1-sections and 2-sections associated
with L : Rk×
k
⊕ E → R, and ΘA and ΩA, respectively, the Liouville 1-sections and 2-sections on
TE(Rk×
k
⊕ E∗)), then
(5.44) (TE Leg, Leg)∗ΘA = ΘAL , (T
E Leg, Leg)∗ΩA = ΩAL , 1 ≤ A ≤ k .
Proof. The proof is analogous to the one in the k-symplectic case, see Theorem 4.30 in [24].
Remark 5.24. When E = TQ and ρ = idTQ, it establishes the relation between the Lagrangian and
Hamiltonian formalism in the standard k-cosymplectic approach (see [31]). ⋄
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We next assume that L is hyperregular, that is, that Leg is a global diffeomorphism. In this case we
may consider the Hamiltonian function H : Rk×
k
⊕ E ∗ → R defined by
H = EL ◦ (Leg)
−1,
where EL is the energy function associated with L, given by (5.24), and (Leg)
−1 is the inverse of the
Legendre transformation.
R
k×
k
⊕ E ∗
Leg−1
//
H
%%L
L
L
L
L
L
L
L
R
k×
k
⊕ E
EL

R
By a similar computation that in the Theorem 4.33 in [24] we prove the following theorem, which
establishes the equivalence between the Lagrangian and Hamiltonian k-cosymplectic formulations on Lie
algebroids.
Theorem 5.25. Let L be a hyperregular Lagrangian. There is a bijective correspondence between the
set of maps η : Rk → Rk×
k
⊕ E such that η is an integral section of a solution ξL of the geometric
Euler-Lagrange equations (5.26) and the set of maps ψ : Rk → Rk×
k
⊕ E ∗ which are integral sections of
some solution ξH of the geometric Hamilton equations (5.40).
Proof. It is similar to the proof of the k-symplectic formalism on Lie algebroids, see Theorem 4.33 in [24].
Here we must only to take into account the relationship between ξL = (ξ
1
L, . . . , ξ
k
L) and ξH = (ξ
1
H , . . . , ξ
k
H)
given by:
ξAH ◦ Leg = T
E Leg ◦ ξAL , A = 1, . . . , k .
Remark 5.26.
(1) When E = TQ, this theorem establishes the equivalence between the k-cosymplectic Lagrangian
and the Hamiltonian formalism (see [31, 44]).
(2) When L and H do not depend on t, the above Theorem reduces to the Theorem 4.33 in [24],
which establishes the equivalence between the Lagrangian and Hamiltonian formalism on Lie
algebroids on the k-symplectic approach.
⋄
6. Examples
Harmonic maps, [5, 12]. Let us remember that a smooth map ϕ : M → N between Riemannian mani-
folds (M, g) and (N, h) is called harmonic if it is a critical point of the energy functional E, which, when
M is compact oriented manifold, is defined as
E(ϕ) =
∫
M
1
2
tracegϕ
∗h dvg
where dvg denotes the measure on M induced by its metric and, in local coordinates, the expression
1
2 tracegϕ
∗h reads
1
2
gijhαβ
∂ϕα
∂xi
∂ϕβ
∂xj
.
This definition is extended to the case when M is not compact requiring that the restriction of ϕ to
every compact domain to be harmonic.
Now we will consider the particular case M = Rk and N = G a Riemannian matrix Lie group. In this
case we denote the trivial principal fiber bundle by π : Rk ×G→ Rk, and we identify Sec(Rk ×G) with
C∞(Rk, G). For each φ ∈ C∞(Rk, G), the Riemannian metrics on Rk and G naturally induce a metric
< ·, · > on C∞(T ∗Rk ⊗ ϕ∗(TG)), and so we may define the energy E on C∞(Rk,M) by
(6.1) E(ϕ) =
∫
Rk
L(ϕ[1](t))dkt
where L(ϕ[1](t)) = 12 < Tϕ, Tϕ > and d
kt = dt1 ∧ . . . dtk is the volume element of Rk.
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The Euler-Lagrange equations for (6.1) are given by (see, for example [12]),
(6.2) Trace(∇Tφ) = 0 ,
where ∇ is the induced Riemannian covariant derivative on C∞(T ∗Rk ⊗ ϕ∗(TG)) and Trace is the trace
defined by g (see, for example [12]). By definition, the set of harmonic maps from Rk to G is the subset
of Sec(Rk ×G) whose elements solve (6.2).
Using Einstein’s summation convention, we have the following coordinate expressions:
(6.3)
L : J1(Rk ×G) ≡ Rk × T 1kG → R
(tA, qi, viA) 7→ L(t
A, qi, viA) =
1
2g
ABviAv
j
Bhij
where tA denoted the local coordinates on Rk, that is, the space-time coordinates, qi = ϕi the components
of the field ϕ and viA =
∂ϕi
∂tA
the partial derivatives of the components of the field. From (6.2) one obtains
(6.4) gAB
(
∂2ϕi
∂tA∂tB
− ΓCAB
∂ϕi
∂tC
+ Γ˜ijk
∂ϕj
∂tA
∂ϕk
∂tB
)
= 0 1 ≤ i ≤ n ,
where ΓCAB and Γ˜
i
jk denote the Christoffel symbols of the Levi-Civita connections of g and h.
We shall derive the reduced form of (6.2) for two specific cases: G = R and G = S3 ∼= SU(2). In
general, one obtains,
(6.5) C(Rk ×G) ∼= (J1(Rk ×G)/G ∼= (Rk × T 1kG)/G
∼= (Rk ×G× g× k. . . ×g)/G ∼= Rk × g× k. . . ×g ,
where C(Rk ×G)→ Rk is the bundle of connections (see [7]).
For the case that G = R, the abelian group of translations, from (6.5) we obtain that C(Rk × G) ∼=
R
k×Rk and therefore, a section σ of the bundle connections can be thought as a 1-form on Rk with local
expression σ = pAdt
A, where (tA, pB) are local coordinates on R
k × Rk.
The Lagrangian L is clearly R-invariant. Denoting by ℓ the projection of L to C(P ) ∼= C(Rk ×G) ∼=
R
k × Rk, in local coordinates, we obtain ℓ(tA, pb) =
1
2g
ABpApB. Now, we can write the Euler-Lagrange
equations (5.27) for this Lagrangian ℓ and we obtain
(6.6)
∂(gABpB)
∂tA
+ ΓAACg
CBpB = 0
∂pA
∂tB
=
∂pB
∂tA
.
Let us observe that the first equation is the Euler-Poincare´ equation for ℓ and the second equation is the
condition of the vanishing curvature on the trivial connection for Rk ×G (see, for instance, [7]).
We denote by q : Rk×T 1kR→ (R
k×T 1kR)/R the canonical projection, let σ = q(Tϕ), then pA = ∂ϕ/∂t
A,
this condition together the equations (6.6) is equivalent to (6.4).
For the case G = S3 ∼= SU(2), from (6.5) we know that C(Rk × SU(2)) ∼= Rk × su(2)× k. . . ×su(2) and
we can make the identification
T ∗Rk ⊗ su(2) ∼= Rk × su(2)× k. . . ×su(2).
This identification is locally given as follow: Let {E1, E2, E3} be a basis of su(2), then a section of
T ∗Rk ⊗ su(2)→ Rk can be written as σ(t) = pAi dt
A ⊗ Ei. This element σ identifies with the element of
R
k × su(2)× k. . . ×su(2) with local coordinates (tA, pAi ).
The lagrangian L, (see (6.3)), is su(2)-invariant and its projection to Rk × su(2)× k. . . ×su(2) is
ℓ(tA, pAi ) =
1
2
gABpAi p
B
j hij .
Then the Euler-Lagrange equations (5.27) write, in this case, as follow:
(6.7)
∂(gABpBi hij)
∂tA
+ ΓCCBg
ABpAi hij + g
ABpAi p
B
k c
l
kjhil = 0
∂pAk
∂tB
−
∂pBk
∂tA
+ pAi p
B
j c
k
ij = 0 .
The first group of equations of (6.7) are the Euler-Poincare´ equations for the trivial connection of
R
k ×SU(2), the second group of equations represents the vanishing curvature condition (see [7] for more
details).
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Classical Euler-Poincare´ equations. For a Lie Group G, we consider the principal fiber bundle π : R×
G→ R. Let L : J1(R×G) ∼= R× TG→ R be a G-invariant Lagrangian. Taking into account (6.5) with
k = 1 we obtain the following identifications
C(R×G) ∼= (R× TG)/G ∼= R× g .
In a similar way that in the above example we obtain if ℓ is the projection of L to C(R×G), then the
Euler-Lagrange equations associated to ℓ are the Classical Euler-Poincare´ equations, see for instance [7]
or [36].
Systems with symmetry. Consider a principal bundle π : Q¯ −→ Q = Q¯/G. Let A : T Q¯ −→ g
be a fixed principal connection with curvature B : T Q¯ ⊕ T Q¯ −→ g. The connection A determines an
isomorphism between the vector bundles T Q¯/G → Q and TQ ⊕ g˜ −→ Q, where g˜ = (Q¯ × g)/G is the
adjoint bundle (see [8]):
[vq¯]↔ Tq¯π(vq¯)⊕ [(q¯, A(vq¯))]
where vq¯ ∈ Tq¯Q¯. The connection allows us to obtain a local basis of sections of Sec(T Q¯/G) = X(Q) ⊕
Sec(g˜) as follows. Let e be the identity element of the Lie group G and assume that there are local
coordinates (qi), 1 ≤ i ≤ dimQ and that {ξa} is a basis of g. The corresponding sections of the adjoint
bundle are the left-invariant vector fields ξLa :
ξLa (g) = TeLg(ξa)
where Lg : G −→ G is left translation by g ∈ G. If
A
(
∂
∂qi (q,e)
)
= Aai ξa
then the corresponding horizontal lifts on the trivialization U ×G are the vector fields(
∂
∂qi
)h
=
∂
∂qi
−Aai ξ
L
a .
The elements of the set {(
∂
∂qi
)h
, ξLa
}
are by constructionG-invariant, and therefore, constitute a local basis of sections {ei, ea} of Sec(T Q¯/G) =
X(Q)⊕ Sec(g˜).
Denote by (qi, yi, ya) the induced local coordinates of T Q¯/G. Then
B
(
∂
∂qi (q,e)
,
∂
∂qj (q,e)
)
= Baijξa
where
Bcij =
∂Aci
∂qj
−
∂Acj
∂qi
− CcabA
a
iA
b
j ,
the Ccab being the structure constants of the Lie algebra. The structure functions of the Lie algebroid
T Q¯/G→ Q are determined (see [25]) by
[[ei, ej ]]TQ¯/G = −B
c
ijec
[[ei, ea]]TQ¯/G = C
c
abA
b
iec
[[ea, eb]]TQ¯/G = C
c
abec
ρTQ¯/G(ei) =
∂
∂qi
ρTQ¯/G(ea) = 0 ,
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and for a Lagrangian function L : Rk×
k
⊕ T Q¯/G −→ R the Euler-Lagrange field equations are
d
dtA
(
∂L
∂yiA
)
=
∂L
∂qi
+Bcijy
j
C
∂L
∂ycC
− CcabA
b
iy
a
C
∂L
∂ycC
d
dtA
(
∂L
∂yaA
)
= CcabA
b
iy
i
C
∂L
∂ycC
− Ccaby
b
C
∂L
∂ycC
0 =
∂yiA
∂tB
−
∂yiB
∂tA
0 =
∂ycA
∂tB
−
∂ycB
∂tA
−Bcijy
i
By
j
A + C
c
abA
b
iy
i
By
a
A + C
c
aby
b
Ay
a
B .
If Q is a single point, that is, Q¯ = G, then T Q¯/G = g, the Lagrangian is a function L : Rk×
k
⊕ g −→ R,
and the field equations reduce to
d
dtA
(
∂L
∂yaA
)
= −ccaby
b
C
∂L
∂ycC
0 =
∂ycA
∂tB
−
∂ycB
∂tA
+ Ccaby
b
Ay
a
B
a local form of the Euler-Poincare´ equations in field theory (see, for instance, [5] and [39]).
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